We investigate homogeneous incompressible turbulence subjected to a range of degrees of stratification. Our basic method is pseudospectral direct numerical simulations at a resolution of 1024 3 . Such resolution is sufficient to reveal inertial power-law ranges for suitably comprised horizontal and vertical spectra, which are designated as the wave and vortex mode (the Craya-Herring representation). We study mainly turbulence that is produced from randomly large-scale forcing via an Ornstein-Uhlenbeck process applied isotropically to the horizontal velocity field. In general, both the wave and vortex spectra are consistent with a Kolmogorov-like k −5/3 range at sufficiently large k. At large scales, and for sufficiently strong stratification, the wave spectrum is a steeper k −2 ⊥ , while that for the vortex component is consistent with k −3 ⊥ . Here k ⊥ is the horizontally gathered wavenumber. In contrast to the horizontal wavenumber spectra, the vertical wavenumber spectra show very different features. For those spectra, a clear k −3 z dependence for small scales is observed while the large scales show rather flat spectra. By modelling the horizontal layering of vorticity, we attempt to explain the flat spectra. These spectra are linked to two-point structure functions of the velocity correlations in the horizontal and vertical directions. We can observe the power-law transition also in certain of the two-point structure functions.
Introduction
In the atmosphere and oceans, flows are often stably stratified, so that clarifying the mechanism of stratification is vital to understand geophysical and astrophysical fluid dynamics. In this paper, the energy spectra for forced stably stratified turbulence are investigated numerically using direct numerical simulation (DNS) with 1024 3 grid points. The simulation is done by solving the three-dimensional momentum and temperature fluctuation equations under the Boussinesq approximation pseudospectrally with stochastic forcing applied to the large horizontal velocity scales.
One of the most striking features of stratified turbulence is dynamical and statistical anisotropy that develops in flows, and because of this anisotropy, stratified turbulence differs significantly from homogeneous isotropic turbulence (Sagaut & Cambon 2008) . To investigate such anisotropy, we employ the Craya-Herring representation (essentially a toroidal-poloidal decomposition). It decomposes the velocity field into the vortex mode (φ 1 ) and the wave mode (φ 2 ). This is particularly suitable for the 20 Y. Kimura and J. R. Herring analysis of rotating/stratified flows because these flows naturally excite internal waves and vortices, and the resulting flow is observed as a composite of them. In this paper, we divide the wavenumber space k into a direct product of the horizontal wavenumber, k ⊥ ≡ k 2 x + k 2 y , and the vertical wavenumber, k z . In the subsequent sections we detail the features of φ 1 and φ 2 spectra. One of the main results of the paper is that the φ 1 and φ 2 spectra as a function of k ⊥ show a clear power-law transition. Our initial DNS conditions have zero initial kinetic energy. With the present forcing mechanism, the φ 1 spectrum (as a function of k ⊥ ) first develops a k −4 ⊥ form for the whole k ⊥ range. After some time, this is followed by a k −3 ⊥ large-scale section with a k −5/3 ⊥ part appearing at high wavenumbers. The two are separated by a rather sharp transition wavenumber. The k −3 ⊥ spectra do not depend on the strength of stratification, while the k −5/3 ⊥ parts shift to higher k ⊥ with stratification. (We have not investigated other modes of forcing and so cannot with certainty relate this k −3 ⊥ spectrum to that found in two dimensions.) Meanwhile, the φ 2 spectra develop a k −2 ⊥ at small k ⊥ , and then a k −5/3 ⊥ part appears at high k ⊥ , also with a sharp transition (Holloway 1988) .
The transition of energy spectrum from k
for high-Reynolds-number turbulence has been observed in the ocean (Gargett et al. 1981; Gargett, Osborn & Nasmyth 1984) and in the atmosphere (Nastrom & Gage 1985) . See also Kitamura & Matsuda (2006) for numerical experiments. Such a transition is possible when the Ozmidov buoyancy scale L O = (ε/N 3 ) 1/2 is larger than the dissipation scale L K = (ν 3 /ε) 1/4 , with ε the energy dissipation rate, N the Brunt-Väisälä frequency and ν the kinematic viscosity. Here we should note that the Reynolds numbers in the atmospheric or oceanographic observations are huge compared to present DNS.
Historically, the −5/3 range was first suspected as the result of a two-dimensional inverse cascade of energy from small to large scales, which is a characteristic of (quasi-geostrophic) two-dimensional turbulence (Gage 1979; Lilly 1983 ). This conjecture was questioned by some researchers (Dewan 1979; Van Zandt 1982) , and recently Lindborg has proposed a forward cascade picture by investigating horizontal velocity structure functions for mesoscale atmospheric aircraft observations .
The transition in the energy spectra for purely stratified turbulence was considered by Carnevale, Briscolini & Orlandi (2001) . Employing a large-eddy simulation with the spectral eddy viscosity based on the two-point Markovian closure theory, they observed the transition between the buoyancy spectrum, E(k) = αN . By equating these spectra, they calculated the transition wavenumber as (α/C K ) 3/4 N 3 /ε, which is the Ozmidov scale with a correction by the coefficients of the buoyancy spectrum and the Kolmogorov constant.
For the horizontal energy spectrum of stratified turbulence, the functional form
has been proposed by Riley & de Bruyn Kops (2003) for the Taylor-Green decaying turbulence and by Lindborg (2006) for horizontally forced turbulence in a flattened box (see also Riley & Lindborg 2008) . Here ε is the three-dimensional dissipation rate of the total kinetic energy and C 1 is the Kolmogorov constant. The scaling law of this spectrum is based on the conventional Kolmogorov picture. In this paper, we shall argue that anisotropy is significant even in dissipation of kinetic energy, Energy spectra of stably stratified turbulence 21 and that the single three-dimensional dissipation rate of energy cannot provide a universal Kolmogorov constant. If the horizontal (or vertical) component dominates, then the dissipation of that component should be used -see also the paper by Godeferd & Staquet (2003, and references therein) . We employ as a guideline here that the Kolmogorov constant is universal in the high-wavenumber regions of stratified turbulence. The universality of the Kolmogorov constant was argued by Sreenivasan (1995) in which he collected various experiments with different flow settings including geophysical flows and concluded that the Kolmogorov constant is universal independently of the flow and the micro-scale Reynolds number. In contrast to the horizontal wavenumber spectra, the vertical wavenumber spectra show rather different features. In the atmosphere and ocean, spectra of the form
have often been observed (Dewan & Good 1986; Smith, Fritts & Van Zandt 1987) . The theoretical prediction of these spectra is based on the saturation theory of breaking of internal gravity waves, and for this reason they are called saturation spectra (Staquet & Sommeria 2002; Waite & Bartello 2006) . A closure-based derivation of the above formula has been proposed by Galperin & Sukoriansky (2010) . Their value of c is close to what is found here.
In our simulations, we observe the above spectra at small scales for strong stratification. For both Φ 1 and Φ 2 , we find that the coefficient of the spectra, c, is approximately 0.1-0.2, which is close to the value proposed by Gregg (1987) . The large-scale parts, on the other hand, are flat. In particular, the Φ 2 spectra for strong stratification shows positive slope with increasing k z . In § 4, we try to explain this flat spectrum using a simple layer model for the vorticity field.
As an alternative to the energy spectra, the statistics of velocity increment or the second-order structure functions
are also investigated in this paper. In the above expression, we use the velocity and the position in terms of the Cartesian component to provide more directly information related to observations and experiments. Because of the anisotropy of stratified turbulence, four different types of second-order structure functions are considered. A power-law transition is also observed in the second-order structure functions. We examine the structures of the flow field by snapshots of the enstrophy contour plots in the horizontal and vertical planes. The following summarizes what we see: As stratification becomes stronger, we observe larger clusters and elongated vorticity contours in the horizontal plane, and finer-scale horizontal layers in the vertical plane. Under magnification, the layers in the vertical plane reveal clear Kelvin-Helmholtz billows. If we look at the horizontal view of the billows, however, we see that each billow is not a single coherent roller but that each roller is chopped into smaller segments.
The organization of this paper is as follows. In the next section, we explain the methodology of the paper, in particular, the Craya-Herring representation. In § 3, the main numerical results for the spectra are presented. In § 4, we present discussions and analyses on the structure aspects of stratified turbulence, including the second-order structure functions and the enstrophy snapshots. Finally, summary is provided in § 5.
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Methodology
2.1. The equations of motion The (non-dimensionalized) Navier-Stoke equations with the Boussinesq approximation,
is solved in a 2π-periodic box (1024 3 grid points) using the pseudospectral method with the 2/3 rule for de-aliasing. Here θ is the temperature fluctuations about the linear (stable) mean temperature profile, dT/dz ≡ −N 2 ; and N is the Brunt-Väisälä frequency, gα(∂T/∂z)/T 0 . Periodic boundary conditions are used in the calculation of u and θ by assuming a linear ambient density profile. We set the Prandtl number ν/κ = 1 in this paper. For the time advancement, the low-storage third-order Runge-Kutta method is used (Spalart, Moser & Rogers 1991) .
The computations are done by decomposing the cubic computational domain into horizontal slabs and by parallelizing the program code using the Message Passing Interface (MPI) system (Sullivan & Patton 2011) .
Forcing method
The forcing term, f = (f x , f y , 0) is a red noise (integrated) Ornstein-Uhlenbeck process (Eswaran & Pope 1988; Yeung & Pope 1989) , in which the horizontal forcing is isotropic ( f 2 x = f 2 y ). Both f x and f y (here they are denoted by f (k)) satisfy the stochastic differential equation
where ξ(k) is a (uniform) random number for each value of k. Here, α is chosen to be smaller than the maximum value of N in the simulation. Each component of ξ(k) has zero mean. We do not force the vertical component of u since we wish to explore the degree to which a two-dimensional forcing may result in a two-dimensional enstrophy cascade for strongly stratified flows. We note that maintaining incompressibility with f present in (2.1) is achieved through a modification of the pressure. The forcing wavenumber is centred at |k| = 5 within a band of unit width. The forcing is added isotropically to the x and y components of the right-hand side of (2.1) before incompressibility is imposed. This forcing method is different from the one used in Herring & Métais (1989) in which they forced horizontal wavenumbers only.
Craya-Herring decomposition
If we regard k = (k x , k y , k z ) as a wavevector,ũ(k), the Fourier component of an incompressible velocity vector in three dimensions satisfies the solenoidal condition k ·ũ(k) = 0. From this, we see thatũ(k) can be spanned by two independent vectors in the plane perpendicular to k. This is the essential idea of the so-called Craya-Herring decomposition, and we introduce the following orthonormal coordinates in three dimensions:
5)
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whereẑ = (0, 0, 1) is the unit vector in the z-direction, and ϑ and ϕ are the usual polar and azimuthal angles, respectively. By projectingũ(k) onto the above coordinates, we obtain the following decomposition:
The relations between φ 1 , φ 2 and the components ofũ in the Cartesian coordinates, u,ṽ,w, are given as
whereω z is the Fourier transform of the z-component of vorticity. From the above relations, we see that φ 1 is horizontal and vortical while φ 2 is vertical and wavy. For φ 1 and φ 2 , we define the energy densities Φ 1 and Φ 2 ,
which satisfy
Also using ϑ, ϕ and (2.8), we have the following relations:
14)
Two different kinds of averaging are introduced as follows:
16)
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Finally, we point out that φ 1 and φ 2 were used for post-computing analysis of the results. The actual advancement in time of the equations of motion is done using (2.1)-(2.3). Thus we avoid any singularity of the (φ 1 , φ 2 ) representation noted by Cambon, Jacquin & Mathieu (1981) . For reference, we write the equations of motion for φ 1 , φ 2 , θ:
Here, F = (F 1 , F 2 , F 3 ) represents the nonlinear terms:
Also θ = Nθ. For the present problem, the rotation rate Ω = 0.
Numerical results
In the following sections, we present results from DNS for a range of stratifications. We have organized and interpreted the data in terms of the theoretical ideas presented in the introduction. We hope here to suggest a convergence to spectral laws noted in the introduction as N increases. Our arguments here may not be persuasive, but we trust that the table and figures allow the reader sufficient information to form an opinion as to the validity of our assertions.
Because of the strong anisotropy of stratified turbulence, it is important to collect statistical information such as energy spectra with proper symmetry. As we mentioned in the introduction, we use the Craya-Herring decomposition for the velocity field into the φ 1 and φ 2 modes. We take for ensemble averages the sum of Φ intensities inside a vertical cylindrical shell to obtain spectra for k ⊥ and in a horizontal plane for spectra for k z . Figure 1 shows the time development of the total (solid lines), kinetic (dotted lines) and potential (dot-dashed lines) energy for N 2 = 1, 10, 50 and 100. While integrating (2.1)-(2.3), viscosity ν is gradually decreased to obtain high-Reynoldsnumber flows without violating the Courant-Friedrichs-Lewy (CFL) condition. (Only for the N 2 = 100 case is the viscosity fixed from t = 0.) Apart from this technical point, a tendency is observed for a flow with stronger stratification to take a longer time to reach the peak kinetic energy and to relax to a steady state. It is interesting to note that the potential energy shown as the dot-dashed lines seems to have the same asymptotic value irrespective of the value of stratification. The time and the Taylor micro-scale Reynolds numbers for sampling spectra and statistics for comparison are summarized in table 1. For the lower stratifications (N 2 < 100), we have not carried out the simulation to the point at which the kinetic energy has completely settled. However, the associated spectra (as given in subsequent figures) have become superposable.
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The potential energies θ 2 /N 2 are about the same for all N, so that PE/KE ∼ 0.1 for N > 1. This potential energy is attributable to the three-dimensional turbulence that occupies the space between the quasi-horizontal layers. Such has been noted early-on by Herring & Métais (1989) at much lower resolution. Why this value asymptotes to ∼0.1 of the kinetic energy is a mystery to us.
Anisotropy of dissipation
Before presenting the results of spectra, we point out the anisotropy of dissipation. Anisotropy in large and small scales for geophysical flows has been investigated by several authors (see Godeferd & Staquet 2003 and references therein), and here we 26 Y. Kimura and J. R. Herring will demonstrate that anisotropy in dissipation of energy has crucial importance, in particular, under strong stratification in scaling the energy spectra.
We use the Craya-Herring decomposition to resolve the total energy dissipation ε into four parts,
where
We provide the values of these four kinds of dissipation in table 2. Among the values in the table, ε zΦ 1 and ε zΦ 2 (the vertical dissipation of Φ 1 and Φ 2 energy) increase with N, while the horizontal dissipations ε ⊥Φ 1 and ε ⊥Φ 2 decrease with N. This anisotropic tendency in dissipation is important in determining the local Richardson number of the flow, 6) which is a squared ratio of buoyancy time scale and that of vertical shearing, and is a critical parameter that determines whether the flow is buoyancy-dominated (Ri > Ri C ) or turbulence-dominated (Ri < Ri C ).
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= 1, 10, 50, 100. Note that, for weak stratification, the dissipation curves here are flat. This is also the case for N = 0, E(k) ∼ |k | −5/3 . This contrasts with isotropically accumulated dissipation spectra, for which D ∼ k 1/3 for N = 0.
In connection with the local Richardson number, we calculated the spectra of the vertical dissipation of horizontal energy,
in figure 2(a,b). It is observed (in figure 2a) that the large-scale part rises in the dissipation spectra with increasing N, while the small-scale parts remain the same. For isotropic turbulence, usually dissipation is regarded as a small-scale quantity. But for strongly stratified turbulence, the large-scale part has a larger contribution in vertical dissipation than the small scales. The large-scale energy produces shearing motion and this large-scale shearing motion is expected to explain the increase in the vertical dissipation of Φ 1 and Φ 2 . It is interesting to note that the above large-scale shearing motion reminds one of the similarity between the zigzag instability observed in the experiments of stratified turbulence with interacting vertical columnar vortices (Billant & Chomaz 2000) . The initial conditions of their experiments (coherent) and the present simulations (random) are completely different, but the final stages might be much closer.
The anisotropy in dissipation raises a question about the possibility of scaling energy spectra for stratified turbulence by a single three-dimensional dissipation ε. In the subsequent sections, we will present scaling analysis using the vertical and horizontal dissipations.
Kinetic energy transfer and flux functions
As noted above, the large scale of stratified turbulence is anisotropic. There is thus the possibility that molecular dissipation will intrude into those scales that otherwise would constitute the inertial range of the turbulence. Since stronger anisotropy is Y. Kimura and J. R. Herring associated with stronger stratification, we examine this issue here for the strongest stratification, N 2 = 100. The question is how much the conventional Kolmogorov survives as applicable to stratified turbulence.
We write the energy budget equation for stratified turbulence as
where E(k) is the energy density (2.12), and T(k), B(k) and F(k), respectively, are the energy transfer (nonlinear), the buoyancy (linear) and the forcing terms, which can be derived explicitly from the Fourier transform of the momentum equation (2.1) after removing the pressure term by using the incompressibility condition (2.3). We may express these as 12) where
is the projection operator,ũ j ⊗ũ m means the convolution, and Re and Im denote the real and imaginary parts, respectively. The summation rule for repeated suffixes is assumed as usual. Here F λ (k) is given in (2.21).
As in the homogeneous isotropic case, we can show that the integration of T(k) over the total wavenumber space vanishes, which guarantees the overall energy conservation in the three-dimensional wave space. To present a similar discussion with isotropic turbulence, we calculate the energy budget relation with respect to the magnitude of the three-dimensional wavevector k by accumulating modes inside a spherical shell with radius k = |k| = k 2 x + k 2 y + k 2 z . From the spherical average of T(k) k = k− k/2<|k|<k+ k/2 T(k), we can define the energy flux function Π(k) as
(3.13) Figure 3 shows the flux function −Π (k) (blue line) for the case N 2 = 100. In the figure, the contributions from Φ 1 (black dashed) and Φ 2 (black dot-dashed) are plotted. Also added are the plots of accumulated dissipation
with red colour (Φ 1 , dashed; Φ 2 , dot-dashed; total, solid). The flux function is almost constant in the low-wavenumber region of 5 < k < 20, and, in this region, the accumulated dissipation is close to zero. From these observations, we argue that the wavenumber region corresponds to the inertial range from the sense of Kolmogorov turbulence.
We also infer from this figure that there is an exchange of energy between Φ 1 and Φ 2 throughout the wavenumber range. Thus, neither approaches zero at k max , only their sum does. Hence, these components are communicating degrees of freedom for which dimensional arguments may not be made to deduce power laws. Very similar results are obtained if |k| is replaced by k ⊥ or k z . = 100. The red curves are spectra at around t = 7, 10, 13 (from the bottom to the top), respectively.
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3.3. Horizontal spectra 3.3.1. The φ 1 spectra Figure 4 is the superposition of E ⊥Φ 1 (k ⊥ ) at times from 0 to around 25 for N 2 = 100. The red curves correspond to ones sampled at around t = 7, 10 and 13 along the ⊥ . On the other hand, the small scales form a different spectrum corresponding to the value of N, but each spectrum has the same slope of −5/3. development of the total kinetic energy in figure 1. We see that the straight-line spectrum of ∼k −4 ⊥ is formed before the total kinetic energy takes its peak value. The same tendency of forming a self-similar spectrum by the time of the maximum total kinetic energy is observed for all values of N, which was reported by Kurien, Wingate & Taylor (2008) . The k −4 ⊥ spectrum reminds us of such a spectral shape that was proposed for two-dimensional turbulence by Saffman (1971) , for example. In his theory, the spectral shape was attributed to vorticity shock in flows. We do not know what kind of structures are produced in stratified turbulence, but we may conjecture that some structures, maybe self-similar, are formed before the time at which those structures responsible for energy cascade to small scales by nonlinear processes develop. . A sharp transition of the spectra is observed between the large scales and the small scales. We note the following two facts and use them as criteria to determine the coefficients of the spectra: (i) the large scales (k −3 ⊥ ) tend to be independent of N; and (ii) the Kolmogorov constant is universal for the isotropic subset of anisotropic data (Sreenivasan 1995). By the above criteria, we propose the following functional forms for the horizontal spectra: where ε ⊥Φ 1 is given in (3.2). In the same manner, η ⊥Φ 1 is defined as , where T represents the time scale. Because of the independence of the large scales with N, the usual assumption for the coefficient of the buoyancy spectrum, N 2 , does not apply here. We tested various possibilities and concluded that the above η ⊥Φ 1 , which corresponds to the two-dimensional enstrophy dissipation rate, provides reasonable agreement for the large-scale spectra. From figure 6, the coefficient α is estimated as 0.02 for all N tested. This value is quite low for two-dimensional turbulence simulations. We tentatively attribute this low value to the presence of a three-dimensional range above k ⊥ 20 where strong dissipation of enstrophy exists. Also, we must recall a vigorous exchange between φ 1 and φ 2 through the nonlinear terms, F λ , in (2.21).
Meanwhile, the Kolmogorov spectrum applies to the small-scale part. To estimate the coefficient C K , however, instead of the three-dimensional energy dissipation rate ε, the two-dimensional horizontal energy dissipation rate, ε ⊥Φ 1 , provides values closer to the widely accepted value for the three-dimensional Kolmogorov constant of ∼1.5. Figure 6 suggests an almost unique value of α, but the value estimated for C K from figure 7 varies between 1 and 2, with the lower values going with the smaller values of N. . The peaks at the small scales shift to the right with stratification, and the height of the peaks is between 1 and 2, which is close to the Kolmogorov constant. ranges in E ⊥Φ 1 (k ⊥ ) can be estimated by equating the two terms on the right-hand side of (3.15),
Using the values of ε ⊥Φ 1 and η ⊥Φ 1 in tables 2 and 3 and the C K values read from figure 7 , the values of k c , the transition values of k ⊥ for N 2 = 1, 10, 50, 100, are calculated as 7.557, 8.536, 10.662 and 11.888, respectively, which give reasonable agreement with figure 5. In the above formula, the length scale is given as the square root of the ratio of energy dissipation and enstrophy dissipation in terms of the φ 1 variable. If we regard enstrophy dissipation and energy dissipation as characteristic quantities for two-dimensional and three-dimensional turbulence, respectively, this ratio seems to be a correct measure of the threshold between two-and three-dimensionality. ⊥ is obtained at the large scales. Figure 8 shows E ⊥Φ 2 (k ⊥ ) for N 2 = 1, 10, 50, 100. Compared to the φ 1 spectra, the φ 2 spectra show smaller differences as N is varied. Nevertheless, we observe the k −2 ⊥ spectrum for the large scales for N 2 = 100 and k −5/3 ⊥ spectra for the small scales for all stratification. With a similar discussion to that for the φ 1 spectra, we propose the following functional forms for these spectra:

The φ 2 spectra
(3.18)
The above functional form is indicated by checking the universality of the coefficients β and C K in the compensated spectra (figures 9 and 10). Figure 9 suggests that, as N increases, the spectra tend asymptotically to a flat low-wavenumber section approximated by the N 2 = 100 line. The spectrum for N 2 = 50 tends towards the flat line. The value of the flat line is ∼0.2, and we assume this as the value of β in (3.18).
With the same procedure, the transition wavenumber k c for the above spectra can be calculated by equating the two terms on the right-hand side of (3.18) as
Using the estimated values of C K from figure 10 and the corresponding values of ε ⊥Φ 2 in table 2, the values of k c , the transition wavenumbers for N 2 = 1, 10, 50, 100, are calculated as 3.31×10 . Similarly to the case of E ⊥Φ 1 , the peaks at small scales shift to the right with stratification, and the height of the peaks is between 1 and 2, which is close to the Kolmogorov constant. points could not be seen for those values of N in figure 9 . The square-root part of the right-hand side of (3.19) has the form of the Ozmidov scale, K O ∼ N 3 / , but with the horizontal dissipation rate of the Φ 2 energy for . We summarize all this as follows: We have two types of transition wavenumbers for φ 1 and φ 2 spectra, respectively. As pointed out in the introduction, the Craya-Herring decomposition divides a velocity field into vortical (φ 1 ) and wave (φ 2 ) components. Thus, the transition wavenumber for φ 1 can be understood as the direct balance between two-and three-dimensional turbulence without waves, while the (modified) Ozmidov wavenumber for φ 2 is the transition between large-scale waves and smallscale turbulence.
Energy spectra of stably stratified turbulence
Vertical spectra
In contrast to the horizontal case, the spectra of Φ 1 and Φ 2 energy in terms of the vertical wavenumber k z (i.e. E zΦ 1 (k z ) and E zΦ 2 (k z )) show very different features in transition. Figures 11 and 12 show the Φ 1 and Φ 2 energy spectra in terms of k z .
We think the most important observation is that both spectra of Φ 1 and Φ 2 show a k −3 z dependence at small scales for strong stratification. The compensated spectra of both E zΦ 1 (k z ) and E zΦ 2 (k z ) with respect to
show that the case of N 2 = 100 estimates the coefficient as ∼0.1, which agrees with the saturation spectrum proposed by atmospheric scientists and oceanographers (figure 13).
The rest of the features of these spectra are summarized as follows:
(i) At weak stratification (N 2 = 1), the Φ 1 and Φ 2 spectra show a similar spectrum of ∼k −2 z for the large scale and slightly shallower spectrum close to k −5/3 z for the small scales.
(ii) Spectrum E zΦ 1 (k z ) shows a flat region in the large-scale part, which seems to become universal with increasing N. This flat spectrum extends more towards small scales with stronger stratification. The flat spectrum in E zΦ 1 (k z ) as well as E zΦ 2 (k z ) at large N was also observed by Waite & Bartello (2006) . FIGURE 13. Compensated spectra of (a) E zΦ 1 (k z ) and (b) E zΦ 2 (k z ) with respect to N 2 k(z) for N 2 = 1, 10, 50, 100. A flat part is observed for N 2 = 100 with coefficient ∼0.1.
(iii) Spectrum E zΦ 2 (k z ) also shows similar features to E zΦ 1 (k z ), namely k (3.20) where ε/νN 2 is the quantity called buoyancy Reynolds number (Brethouwer et al. 2007 ), which will be studied later. From table 3, we see that L O > L K for all cases.
Structural aspects of stratified turbulence
In this section we present results related to structural aspects of the flow for various stratifications. Two of the most important of these are the horizontal layering and the Kelvin-Helmholtz billows. For the layering, the second-order structure functions, or, equivalently, correlation functions, seem most important. We also develop a simple model whose characteristics are qualitatively close to figure 11. The billows are examined here via snapshots of the enstrophy field, and the conditions under which they exist are that the buoyancy Reynolds number R b be sufficiently large. Our simulations indicate that R b 2 suffices, a value much smaller than in the atmosphere or oceans.
Second-order structure functions
As an alternative to the energy spectra, the statistics of the velocity increment or the structure functions have more direct physical meaning and have been widely investigated. However, because of the anisotropy of turbulence with stratification, we have to define structure functions with special care. Our definition of the second-order structure functions here is
where u i and x j are the i th and j th components of velocity and position vectors, respectively, and is the unit vector in the x j direction. The angle bracket means taking the ensemble average. Assuming homogeneity, the above second-order structure function can be written as
is the two-point covariance of velocity component, and we can calculate it as x FIGURE 14. The filter functions in the second-order structure functions: solid line, the Φ 1 part; dotted line, the Φ 2 part; dashed line, the isotropic case.
where J 0 (x) and J 1 (x) are zeroth-and first-order Bessel functions of the first kind, respectively. Returning to formula (4.2), St 2 (d; u, x) becomes
In the above formula, the polynomial functions in parentheses (let us denote them as 1 − R(x)) have a common feature that they go to 0 as x = k ⊥ d goes to 0, and they approach the value 1 as x goes to infinity. Figure 14 shows their behaviour, where the solid line is 1 − 2J 1 (x)/x and the dotted line is 1 − 4J 0 (x)/3 + 2J 1 (x)/3. Also added is the curve 1−3(sin x/x 3 −cos x/x 2 ), which is for the isotropic structure function (dashed line). We see that the structure function for Φ 1 behaves similarly to the isotropic one, while that for Φ 2 oscillates with a larger amplitude and converges to 1 more slowly. By these features, we can regard these functions as a kind of filter that filters out the signals at small values of the argument. To see this situation, we take up the Φ 1 case and replace the filter function with the Heaviside step function H(x − c), where c is a constant at which the function jumps. From figure 14, we assume c is close to 5 for Φ 1 . The Φ 1 part in (4.4) can be estimated with the model as
Equation (4.6) is only valid if the E(k) as in (4.5) is such that (1 − cos k)E(k) is finite as k → 0. If E(k) falls off rapidly (for example, as k
) then the integral in (4.4) at small k is sensitive to the energy-containing range shape. For example, consider the case
For n 2, we find (4.6) confirmed, with
In the same way, we can calculate the expressions for the other structure functions in question as range is rarely observed because of the insufficient Kolmogorov inertia range (k
Because of the similar filtering terms 1 − J 0 (k ⊥ d) in (4.9), we may expect that 
2 ϕ in the k ⊥ wavenumber space. Another point to be discussed in figure 15 is the large characteristic difference in St 2 (d; u, z) and St 2 (d; w, z). In St 2 (d; u, z), stronger stratification results in larger values throughout the whole d range, while this tendency is completely reversed in St 2 (d; w, z). These phenomena can be interpreted by looking at the spectra E zΦ 1 (k z ) and E zΦ 2 (k z ): we see that E zΦ 1 (k z ) has a flat middle portion (k z ∼ 20) that extends with N at almost the same height, whereas for E zΦ 2 (k z ) the height of the middle portion decreases with N. Both E zΦ 1 (k z ) and E zΦ 2 (k z ) at strong stratification are attached to a k −3 z at higher k z with nearly equal values in this range because of the isotropy. The reversed tendency is because of the enhanced large-scale spectra for strong stratification in E zΦ 1 (k z ), which is presumably due to the strong vertical shearing motion.
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Y. Kimura and J. R. Herring As noted above, the decrease of St 2 (d; w, z) with N in the plateau range in figure 15 corresponds to the decrease in E zΦ 2 (k z ). The plateau levels closely match an N −2 law for N 2 10.
Snapshots of the enstrophy field
To see the physical flow patterns and structures in stratified turbulence, contour plots of enstrophy on the vertical (xz-plane at y = π, right-hand panels) and horizontal (xy-plane at z = π, left-hand panels) slices are presented in figure 18 (for (a,b) = 100). We observe that layer structures on the vertical plane become evident as stratification is increased. Also, contingent or not on the growth of the layer structures, large blob structures as well as elongated vorticity contours in the horizontal plane are observed. In the vertical plane under strong stratification, a series of small vortices, which seem to be Kelvin-Helmholtz billows, are observed (N 2 = 50 and N 2 = 100). To identify the series of vortices, the middle part of figure 18(h) is magnified in figure 19(a) . Around the row of vortices, roll-ups of vorticity, typical of Kelvin-Helmholtz instability, are clearly observed. The spanwise structure of the Kelvin-Helmholtz billows are presented in figure 19(b) . In contrast to the Kelvin-Helmholtz instability reported previously for decaying stably stratified turbulence (Riley & de Bruyn Kops 2003) , the spanwise vortices are not continuous but chopped. The mechanism for producing these chopped vortices is not known but it may be associated with a certain kind of instability similar to the one observed in shear layers (Staquet 2000) . The coherent length in the spanwise direction is similar in magnitude to that in the streamwise direction.
Horizontal isotropy
We have assumed that stratification decomposes the three-dimensional velocity field into horizontal and vertical parts, each of which forms an isotropic subset in the threedimensional velocity field. To verify this assumption, we checked the distributions of polar and azimuthal angles of vorticity vectors defined as , which suggests isotropy in the horizontal plane. On the other hand, the p.d.f.s of ϑ show a growing peak at ϑ = π/2 with stratification. This fact demonstrates that vorticity vectors tend to be more and more horizontal with stratification, which agrees with the decaying cases (Kimura & Herring 1996) .
Comparison with three-dimensional spectra
In order to see the effect of the Craya-Herring decomposition, we present the threedimensional total kinetic energy spectra in terms of the three-dimensional wavevector magnitude, k = k 2 x + k 2 y + k 2 z , in figure 21. Increasing anisotropy with N suggests that Energy spectra of stably stratified turbulence the three-dimensional spectrum in terms of k may apparently have little meaning, but at least these plots may give some insight into the spectrum for stratified turbulence. In figure 21 , for the case of weak stratification of N 2 = 1, the Kolmogorov spectrum ∼k −5/3 is observed. With increasing stratification, however, the −5/3 spectrum shifts to a flatter spectrum at large scales and a steeper spectrum, asymptotically k −3
, appears for small scales.
The above spectra are similar to E zΦ 1 (k z ) (figure 11), the vertical spectra of Φ 1 energy in terms of k z . The similarity between the spectra in k z and k can be explained by the assumption that the kinetic energy is concentrated in the polar regions of the sphere in the wave space, and this assumption is compatible with layered structures in the vertical direction (Godeferd & Cambon 1994 ). where Fr 2 h and Re are the horizontal Froude number and the Reynolds number, respectively. The buoyancy Reynolds number was introduced by Dillon & Caldwell (1980) as the 'stratification Reynolds number': the squared ratio of time scales of the turbulence and stratification. Recently, Riley & de Bruyn Kops (2003) and Brethouwer et al. (2007) demonstrated that, when R b < 1, the energy spectrum shows a steep slope, whereas, when R b > 1, it shows a −5/3 spectrum. Figure 22 is the history of R b for N 2 = 1, 10, 50, 100. All the plots show that there is a steep rise of the value after an initial interval of time, and that the value stays larger than 1 even for the strongest stratification of N 2 = 100. In each plot, the dotted line means the time when the kinetic energy takes the maximum value in figure 1. We see that the steep rise happens around the time when the kinetic energy takes the maximum value and the almost self-similar spectrum is developed. Also, it is interesting to see that the maximum energy almost coincides with the time when R b takes the value of 1.
Layer model for vertical spectra
We have seen that the vertical wavenumber spectra of vortical and wave energy, E zΦ 1 (k z ) and E zΦ 2 (k z ), have slopes much shallower than −5/3 or even positive slopes in the large-scale region. To explain these flat spectra, we propose the following vorticity layer model. The essential part of the model is an assumption that the x-component of vorticity, ω x (z), has the following Gaussian layer structure: 13) where each Gaussian signal has a width 1/a and is located at z = nz 0 (n = 1, 2, . . . , 2N). To keep the integral 2π 0 ω z (z) dz from being zero, we assume that the peaks alternate in sign and that N pairs exist in the 2π domain.
The Fourier transform of ω x (z) is given as In the last equation, we have assumed 2N signals are equally spaced in the 2π interval and thus z 0 = π/N. The overall power spectrum (4.15) is the product of a Gaussian function centred at k = 0 and a function consisting of periodic peaks. Depending on the width a and the number of peaks N, the shape of the spectrum varies. One example of the case with a = 1.0 and N = 5 is shown in figure 23 . The spectrum demonstrates a flat part, which extends to around k = 5, and then a decaying part follows. The decaying slope seems to come from the Gaussian function, which suggests that the Kolmogorov spectrum is due to the small-scale structures inside the strong vortical layers.
Summary and discussion
Our results demonstrate that strongly stratified turbulence consists of a mixture of differing dynamics: in the vertical, billowing waves; and in the horizontal, opposing moving layers with ever finer packing with increasing stratification. Conservation of total energy (with ν = κ = 0) applies to the sum of these components, and inertial range arguments may apply if there is a range of scales in which dissipation plays little role and in which there is a constant flux to small scales where molecular dissipation removes the energy. The dynamics illustrated in figure 3 approximates these conditions. However, figure 21 for E(k) shows no inertial range in the nearconstant-flux region for strong stratification. (For N = 1, E(k) is slightly steeper than k −5/3 .) We note here that the localness of the turbulent cascade -from one scale size to the next -is missing here because of the strong anisotropy. Consequently, no power law may be expected. This spectrum is, however, qualitatively explained by the simple layering model introduced in figure 23 .
